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Note On Orthonormal Expansions

Communicated by Oved Shisha

THEOREM. Let - 00 < a < b < 00 and let w(x) be a real function,
summable over (a, b) and ;:: 0 there. Let gl' g2 ,... , gn be real functions,
continuous on [a, b] and orthonormal there with respect to the weight w. Then,
for any reals a1 , a2 ,... , an , we have

(1)

Iff is a real function, continuous on [a, b), and if ak is its Fourier coefficient
with respect to gk and to the weight w:

then

ak = rw(x) j(x) gk(X) dx,
a

k = 1,2,..., n, (2)

n b 1/2

tl I ak [ ~ [n { W(X) dX] . a~~~b Ij(x)1 . (3)

Proof Let f be a real function, continuous on [a, b), and let (2) hold.
Since L~=1 ak2 ~ f: w(x)j2(x) dx, we have by the Cauchy-Schwarz
inequality,

[ f
b 1/2

~ n w(x) dX] . max [j(x)[.
a a::;;;;;a:<b

Let now ai' a2 ,..., an be arbitrary rea1s. Then, clearly, (2) holds for
j(x) Li=1 ajg;(x). Hence, by (3), we have (1).
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EXAMPLE. Consider the functions

1 1 1. 1
. /- , . /- cos X, • /- sm x, . /- cos 2x,
V 21T ·v 1T V 1T V 1T

1 . 2 1 1 .
v'';;: sm x, .•. , v'';;: cos nx, v'';;: sm nx (n ? 1),

(4)

orthonormal on [-1T, 1T]. By (1), for any reals ao , al , bl , ... , an , bn ,

n

Iao I + L Iak I + I bk I
k~1

~ [2(2n + 1)]1/2 . -~~~1T I~ + ~I ak COS kx + bk sin kx I·

Let f be a real function, continuous on (- 00, 00) and of period 21T
there, let its ordinary Fourier series be (Cio/2) + L~~I Cik cos kx + f3k sin kx,
and let ao , al , bl , ... , an , bn , respectively, be its Fourier coefficients with
respect to the functions (4) and the weight 1. Then

k = 1,2,... , n.

Since, by (3), I ao I+ L~=I Iak I+ Ibk I~ [21T(2n + 1)]1/2 . max_1T'::",'::1T If(x) I,
we have

This note corrects an error in [1], Problem 21, p. 125.
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